
Fundamentals of Structural Geology 
Exercise solutions: concepts from chapter 10 

Exercise solutions: concepts from chapter 10  
 
Reading: Fundamentals of Structural Geology, Ch 10 
 
1) The flow of magma with a viscosity as great as 1010 Pa·s, let alone that of rock with a 
viscosity of 1020 Pa·s, is difficult to comprehend because our common experience is with 
liquids like water at room temperature which has a viscosity of 10-3 Pa·s. Recall from 
(10.7) that the rate of deformation, shear stress, and viscosity for Newton’s thought 
experiment (Figure 10.2) are related by: 
 2yx yxD σ η=  (1) 
To build intuition investigate Newton’s simple shearing configuration using your own 
weight to shear a 1 m cubic block of liquid. 
 

a)  Use the kinematic equations to re-write (1) in terms of the velocity and integrate  
this relationship to find the velocity distribution as a function of vertical position 
in the cube using the no-slip boundary condition to solve for the constant of 
integration. Write down the equation for the velocity of the upper plate, V, as a 
function of the shear stress, viscosity, and height of the cube of liquid. 

 
The general kinematic equations (7.153) reduce to one that relates the only non-zero rate 
of deformation component in this experiment to two velocity gradients and one of these is 
zero because the velocity in the y-direction is zero: 

 d1
2 2

y x
yx

v vD 1
d

xv
x y y

∂⎛ ⎞∂
= + =⎜ ⎟∂ ∂⎝ ⎠

 (2) 

Note that the velocity is the x-direction is only a function of the y-coordinate. Substituting 
for the rate of deformation in (1), rearranging, and integrating: 
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Note that the shear stress and the viscosity are not functions of y. Integrating: 

 1Cyx
xv y

σ
η

= +  (4) 

Employing the no-slip boundary condition to solve for the constant of integration: 
 1BC: at 0, 0, so C 0xy v= = =  (5) 
At the top of the liquid cube we have the maximum velocity: 

 ( )h h  , the upper plate velocityyx
xv V

σ
η

= =  (6) 

Because there is a no-slip condition between the liquid and the upper plate this also is the 
velocity of the upper plate. 
 

b)  Explain how the maximum velocity of the liquid is related to the displacement of a 
liquid particle in contact with the upper plate. Use this relationship and your result 
from part a) to write an equation for the displacement, U, of the upper plate as a 
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function of shear stress, viscosity, liquid height, and time. Propose an appropriate 
initial condition to solve for the constant of integration. 

 
The maximum velocity of the liquid, vx(h), and displacement, ux(h), are related as: 

 ( ) ( ) ( ) ( )d h
h , so d h h d

d
x

x x x

u
v u v

t
= = t∫ ∫  (7) 

Note that the maximum velocity is not a function of time because we have ignored the 
startup phase of the flow, and the well-developed flow is steady. Substituting for the 
maximum velocity from (6) and integrating: 

 ( ) 2
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= +  (8) 

For an initial condition we start the clock after steady flow is achieved. The displacement 
is taken as zero at that moment: 
 ( ) 2IC: at 0, h 0, so C 0xt u= = =  (9) 
At the top of the liquid cube the displacement is equal to that of the overlying plate, U, 
and also equal to the vertical displacement of the person: 

 
hyx t

U
σ

η
=  (10) 

 
c)  Use the result from part b) and your own weight to shear the magma and the rock 

specimens and calculate the displacement, U, if you hung on the cable for 1 
second, 1 hour, 1 day, and 1 year. Would you think of either the magma or the 
rock as a liquid? 

 
The shear stress in (10) is equal to the applied force (weight = 620N) divided by the 
upper surface area of the cube (area = 1m2). 

 2

620 N 620 Pa
1 myxσ = =  (11) 

Taking the viscosities of the magma and the rock as quoted above, the displacements are 
calculated using (10) and presented in the following table: 
 
time t(s) U(m), magma U(m), rock 
1 sec 1 6.2x10-8 6.2x10-18 
1 hour 3.6x103 2.2x10-4 2.2x10-14 
1 day 8.6x104 5.4x10-3 5.4x10-13 
1 year 3.2x107 2.0x100 2.0x10-10 
 
Certainly the rock would appear solid on a human time scale with imperceptible 
displacements even over 100 years. Yet, it would deform on a geological time scale 
(millions of years) even under this very small shear stress. The magma would appear to 
flow on a human time scale and perhaps would be perceived as a liquid by most 
observers who were patient enough. 
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d) Would the parallel plate apparatus be a good design for measuring the coefficient 
of Newtonian viscosity? Discuss the good and the bad aspects of this 
experimental design. 

 
The good aspect of this design is that it enforces a very simple flow regime in which Dyx 
is the only none-zero component of the rate of deformation tensor. Furthermore, because 
the shear stress is constant throughout the liquid, (6) leads to a very simple relationship 
among the measurable physical quantities which can be solved for the viscosity: 
 hyxVη σ=  (12) 
Here V is the velocity of the upper plate, σyx is the shear stress acting on any plane 
parallel to the two plates, and h is the thickness of the liquid layer. The shear stress is 
measured as the applied weight divided by the surface area of the upper plate. 
 
The bad aspects of this design include: 1) most liquids would not be contained adequately 
between the plates and would flow out the sides of the apparatus; 2) it would be difficult 
to maintain parallelism of the two plates; 3) heating the liquid and maintaining a constant 
temperature would be difficult; and 4) controlling the chemical environment would be 
challenging. 
 
2) Most viscometers do not provide a direct measurement of the shear stress or the rate of 
deformation because these quantities vary throughout the flow in a rather complex way. 
The quantities that are measured must be related to what is needed for the calculation of 
viscosity by solving the appropriate boundary-value problem. Because these solutions 
depend upon assumptions about the flow behavior, the corresponding laboratory tests 
only provide apparent viscosities. The Couette viscometer is composed of a cylindrical 
crucible containing the liquid and a centered cylindrical rod of length, L. The annulus 
between the rod and crucible has an inner radius, aR, and an outer radius R. The objective 
of the experiment is to achieve a steady, two-dimensional, and laminar flow within the 
annulus because these are the conditions assumed for the solution of the boundary value 
problem. These conditions are most closely approximated if the crucible is turned with 
angular velocity ω while the rod is held stationary, and if the rod is long compared to the 
annulus (Bird et al., 1960). 
 

a) A cylindrical coordinate system, (r, θ), is used and the boundary-value problem for 
the steady state, laminar flow of a Newtonian viscous liquid in an annulus, is 
solved for the distribution of the circumferential component of velocity: 

 
( ) ( )

( )
a / / a

a 1/ a
R r r R

v Rθ ω
⎡ ⎤−

= ⎢ ⎥
−⎢ ⎥⎣ ⎦

 (13) 

This is the only non-zero velocity component for this problem. Solve (13) for the 
velocity at the edge of the rod, r = aR, and at the edge of the crucible, r = R. Write 
the equation for the angular velocity of the crucible, ω, as a function of the 
velocity component in the θ direction at the outer wall. 

 
At the edge of the stationary rod we have, by inspection of (13): 
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 ( )av r Rθ 0= =  (14) 
At the edge of the crucible: 

 ( ) ( )
( )

a 1/ a
a 1/ a

v r R R Rθ ω ω
⎡ ⎤−

= = =⎢ ⎥
−⎢ ⎥⎣ ⎦

 (15) 

Based on (15) the angular velocity of the crucible is: 

 ( )v r R
R

θω
=

=  (16) 

 
b) Flow in the cylindrical annulus is very similar to flow between parallel plates, 

except it is wrapped around the axis of the cylinder. One accounts for this 
different geometry in the relationship between shear stress and velocity gradient 
as follows: 

 r
vdr

dr r
θ

θσ η ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (17) 

Use the velocity distribution (13) to solve (17) for the shear stress distribution in 
the annulus. Unlike the parallel plate flow where the shear stress is constant, here 
the shear stress varies with radial position. 

 
Taking the derivative indicated in (17): 

 
( ) ( )

( ) ( )

2 3a / 1/ a 2a
a 1/ a a 1/ ar

R r Rd Rr R r R
drθσ η ω η ω

−⎛ ⎞− ⎛ ⎞−⎜ ⎟= = ⎜⎜⎜ ⎟− −⎝ ⎠⎝ ⎠

r
⎟⎟  (18) 

Rearranging: 
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2 2
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a
⎟  (19) 

 
c) Derive the equation relating the net torque, T, on the crucible to the shear stress in 

the liquid at the edge of the crucible, r = R. Substitute for the shear stress to derive 
the relationship for the apparent viscosity as a function of the applied torque. This 
is the relationship used to determine the apparent viscosity in the Couette 
viscometer. 

 
The net torque acting on the crucible is equal to the net force acting on the crucible in the 
circumferential direction times the lever arm, R. This force is the shear stress, σrθ, at the 
edge of the crucible times the surface area of the crucible wall. Combining these concepts 
we have: 
 ( ) ( )( )2rT r R RLθσ π= =⎡ ⎤⎣ ⎦ R  (20) 
From (19) the shear stress at the edge of the crucible is: 

 ( )
2

2

a2
1 ar r Rθσ ηω

⎛ ⎞
= = ⎜ −⎝ ⎠

⎟  (21) 

Substituting for the shear stress in (20): 
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Rearranging to solve for the apparent viscosity: 
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⎞
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All of the quantities on the right side can be measured for the Couette viscometer. 
 
3) Consider the flow of an incompressible, isotropic and linearly viscous liquid down an 
inclined planar surface that is very long in both the strike and dip directions compared to 
the thickness, h, of the liquid layer. Both the viscosity and the density are uniform 
throughout the layer. Furthermore, the flow is steady and the flow regime is laminar (low 
Reynolds number). This could be considered the most elementary model for the flow of 
lava down the slope of a volcano, or the flow of ice in a very broad glacier. 
 

a) In general the velocity vector is a function of the three Cartesian coordinates and 
time: v = v(x, y, z, t). However, more restricted dependence is indicated for the 
flow regime depicted in Figure 1. Describe which of the four independent 
variables each component of the velocity vector depends upon and consider 
whether the thickness is constant. Justify your choices based upon the geometry, 
the liquid properties, and the flow conditions. Given these choices, describe how 
the components of the rate of deformation tensor are related to the gradients in 
velocity. 

 
Because the flow regime is postulated to be steady, none of the velocity components 
depend upon time. Because the surface is very long in the strike direction, and the flow is 
driven by gravity directly down the slope, the velocity component in the z-direction is 
taken as zero. Be similar arguments the two in-plane components of velocity are not 
functions of z, so this is strictly a two-dimensional flow in the (x, y)-plane. Because the 
surface is very long in the dip direction and the viscosity and density are uniform 
throughout, there would be no change in thickness in the x-direction. This constraint, 
along with the postulate of laminar flow, means that the velocity component in the y-
direction may be taken as zero. Because the liquid is incompressible and we have already 
deduced that there is no flow (and therefore no stretching) in the y- or z-directions, there 
must be no stretching in the x-direction. Therefore the velocity component in the x-
direction is not a function of the x-coordinate. The restrictions on the velocity 
components and thickness are summarized as follows: 
  (24) ( ) only , 0, 0, h = uniform & constantx x y zv v y v v= = =
The rate of deformation tensor is defined in (7.153) as: 

 1
2

ji
ij

j i

vvD
x x

⎛ ⎞∂∂
= +⎜⎜ ∂ ∂⎝ ⎠

⎟⎟  (25) 

Given the restrictions of (24) the rate of deformations components are: 

 10,  
2

x
xx yy zz yz zx xy
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vD D D D D D
x

∂
= = = = = =

∂
 (26) 
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 b) Describe both qualitatively and mathematically the boundary conditions at the 

interface between the bottom of the liquid and underlying solid substrate, and at 
the interface between the top of the liquid and the overlying atmosphere. Indicate 
how the components of the velocity vector and stress tensor at the two interfaces 
are constrained by these boundary conditions. 

 
At the bottom boundary the liquid is prescribed to adhere perfectly to the substrate. This 
often is referred to as the no slip condition of fluid mechanics. Of course it also is implied 
that there is no separation between the liquid and substrate. Thus, the velocity vector for 
any liquid particle at the interface must be identical to the velocity vector of the adjacent 
particle in the substrate:  
 ( ) ( ),  0 ,  ,  0 ,  x y z x y+= = =v v z−  (27) 
The left side refers to liquid particles and the right side refers to substrate particles. 
Because the coordinates chosen for this problem are parallel and perpendicular to the 
bottom boundary and because the substrate is not moving we may write the boundary 
condition for the liquid as: 
 ( )BC: on ,  0,  ,  0x y zx y z v v v= = = =  (28) 
At the top boundary the mechanical action of the atmosphere is approximated by 
specifying that it imparts no traction to the liquid. It does, of course impart pressure due 
to the weight of the atmosphere and, if the wind is blowing, it imparts shear traction. 
Ignoring these two effects as negligible compared to the stresses within the flowing liquid 
we write the traction, t(n), acting on the top boundary as: 
 ( ) ( ),  ,  0,  0, 1, 0x y h z= = =t n  (29) 
Referring to Cauchy’s Formula (6.40) we may write the boundary condition for the liquid 
in terms of stress components acting on an element of liquid at the interface: 
 ( )BC: at ,  ,  ,  0yx yy yzx y h z σ σ σ= = = =  (30) 
Conservation of angular momentum in conjunction with (30) constrains the shear 
components 0xy zyσ σ= = , but the components , = , xx xz zx zzσ σ σ σ  at the upper boundary 
are unconstrained by these conditions. 
 

c) The velocity distribution for flow down the inclined plane is given in (10.25) as: 
 ( )21

2( ) ( / ) sin( ) hxv y g y yρ η α= − −  (31) 

Here the density, ρ, the acceleration of gravity, g, and the Newtonian viscosity, η, are 
uniform and constant. Derive the equation for the maximum velocity and use this to 
rewrite (31) in dimensionless form. Plot the dimensionless velocity profile and 
describe it.  

 
The maximum velocity is at the top of the flow where y = h and: 
 21

2(h) ( h / )sin( )xv gρ η α=  (32) 
Using the maximum velocity to normalize the velocity distribution we have: 
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The velocity profile is parabolic, increasing from zero at the bottom of the flow to a 
maximum value given by (32) at the top (Figure 1). 
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Figure 1. Velocity profile for the flow of an incompressible, isotropic and linearly 
viscous liquid down an inclined planar surface. 
 
The MATLAB m-script fig_10_sol_1.m plots normalized velocity versus position, and 
maximum velocity versus thickness for the basaltic lava studied by Macdonald (1955). 
 
% fig_10_sol_1.m 
% velocity profile for flow down inclined plane 
clear all, clf reset % clear functions and figures 
Y = 0:0.01:1; % define normalized position 
V = 2*Y - Y.^2; % calculate normalized velocity 
plot(V,Y,'b'); % plot velocity vs position 
title('Velocity profile: flow down inclined plane'); 
xlabel('v(y)/v(h)'), ylabel('y/h'); 
figure, hold on 
col = ['b','g','k','c','m'] 
rho = 2650; % density of lava, kg/m^3 
g = 9.8; % acceleration of gravity, m/s^2 
eta = 3000; % viscosity of lava, Pa s 
H = 0.1:0.1:5; % thickness of lava 
% loop to plot curves for different slopes 
for j = 1:5 
    sr = j*pi/180; % slope in radians 
    VH = (0.5*rho*g*(H.^2)/eta)*sin(sr); 
    plot(H,VH,col(j)) % plot flow height vs velocity  
end 
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legend('1','2','3','4','5'); 
plot([0 5],[5 5],'r') 
title('Maximum velocity of flow down inclined plane'); 
xlabel('thickness, h (m)'); 
ylabel('maximum velocity, v(h) (m/s)'); 
 

d) Estimate the range of thicknesses of a lava flow that you could just outrun (say for 
100m) on slopes ranging from α = 1 to 10 degrees and summarize your results 
graphically. Use values for the constants given by Macdonald (1955) for basaltic 
lava in Hawaii where flows typically range from 1 to 5 m thick: 

density, ρ = 2.65 × 103 kg/m3 
acceleration of gravity, g = 9.8 m/s2 

apparent Newtonian viscosity, η = 3,000 Pa·s 
This viscosity is approximately the median for the values quoted by Macdonald 
which range from 1,900 to 3,800 Pa·s. 

 
The MATLAB m-script fig_10_sol_1.m summarizes the parameter study for the basaltic 
lava studied by Macdonald (1955). 
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Figure 2. Comparison of the maximum velocity for lava flows of varying thickness on 
slopes of varying inclination with the maximum velocity of a person. 
 
Only for the greater slopes and the thicker flows would the runner be in any danger of 
being overtaken by the lava. 
 
4) George Stokes considered a constitutive law for an isotropic viscous fluid (7.160) in 
which the stress components are related linearly to the thermodynamic pressure and the 
rate of deformation components.  
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a) Write down this constitutive law in three dimensions using indicial notation and 
treating the stress components as the dependent variables. Describe each physical 
quantity. Rewrite this equation for this fluid at rest (or in uniform motion) and in 
doing so indicate the relationships between the thermodynamic pressure, p, the 
mean normal pressure, p , and the static pressure, op . 

 
The general linear form of the constitutive law is: 
 Λ 2ηij ij kk ij ijp D Dσ δ δ= − + +  (34) 
Here σij are the stress components, p is the thermodynamic pressure, δij is the Kronecker 
delta, Λ and η are the two material constants, and Dij are the rate of deformation 
components. At rest, or in uniform motion, all of the components of the rate of 
deformation are identically zero, Dij = 0, so: 
 11 22 33 or ij ijp pσ δ σ σ σ= − = = = −  (35) 
Because this is an isotropic state of stress the three normal components for any 
orientation of a Cartesian coordinate system would be equal to the negative of the 
thermodynamic pressure. This is sometimes referred to as a spherical or hydrostatic state 
of stress, although the fluid need not be water. 
 
The mean normal pressure is defined as follows for states of stress that are not isotropic 
and this is the general case for the flowing fluid with a constitutive law given by (34): 
 ( )1 1

11 22 33 11 22 333 3 ,  kkp σ σ σ σ σ σ σ= − = − + + ≠ ≠  (36) 
The thermodynamic pressure (35) and the mean normal pressure (36) are defined with 
respect to different flow conditions and different states of stress. However, for this fluid 
at rest or in uniform motion the normal stress components in all directions are equal. For 
this special case the mean normal pressure reduces to the static pressure, op , which is 
defined as:  
 ( )1 1

o 11 22 33 113 3 ,  kkp 22 33σ σ σ σ σ σ σ= − = − + + = =  (37) 
Comparison of (35) and (37) indicates that: 
 op p=  (38) 
In other words, for this fluid at rest the thermodynamic pressure is equal to the static 
pressure. 
 

b) For the flowing fluid considered by Stokes align the Cartesian coordinates with the 
directions of principal stresses: 

 11 1 22 2 33 3, , , so 0,  ij i jσ σ σ σ σ σ σ= = = = ≠  (39) 
Note that the shear stress components are zero. What are the magnitudes of the 
maximum shear stresses and what are the orientations of the planes on which 
these shear stresses act? Use the condition described in (39) to define the mean 
normal pressure in terms of the thermodynamic pressure, the two material 
constants, and the rate of volume change, Dkk. Use this relationship, in turn, to 
define the bulk viscosity, κ, and describe what the bulk viscosity measures.  
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If the principal stresses are different in magnitude then shear stresses will operate on the 
fluid and the maximum values of these would be: 
 1 2 2 3 1, , and 3σ σ σ σ σ σ− − −  (40) 
The planes carrying the maximum shear stresses each contain one of the principal stress 
axes and are oriented at 45o to the other principal axes. Under the conditions described in 
(39) the constitutive law (34) may be expanded as: 

 
11 11

22 22

33 33

2η Λ
2η Λ
2η Λ

kk

kk

kk

p D D
p D D
p D D

σ
σ
σ

= − + +

= − + +

= − + +
 (41) 

Taking the sum of these three equations: 
 ( )( )11 22 33 11 22 333 2η 3Λp D Dσ σ σ+ + = − + + + + D  (42) 
Then, referring to (36) for the definition of the mean normal pressure, we have: 
 ( )2

3 η Λ kkp p D= − +  (43) 
The negative sign in (43) is understood by recalling that a positive Dkk corresponds to a 
dilation, which would decrease the mean normal pressure. The combination of material 
constants in parentheses is referred to as the bulk viscosity, κ. Rewriting (43): 
  κ kkp p D= −  (44) 
We understand from (44) that the mean normal pressure in the flowing fluid is composed 
of two parts: 1) the thermodynamic pressure, which is present in this fluid with the same 
density and temperature at rest or in uniform motion (Dkk = 0); and 2) the contribution to 
the mean normal pressure from volumetric deformation. The bulk viscosity is a measure 
of the resistance of the fluid to this volume change: the greater the bulk viscosity the 
greater the mean normal pressure change required for a given change in the rate of 
volumetric deformation.  
 

c) Describe the two special conditions for the flowing fluid with this constitutive law 
in non-uniform motion under which the thermodynamic pressure is exactly equal 
to the mean normal pressure. Rewrite the constitutive law to be consistent with 
each of these conditions. In this context describe what is meant by an 
incompressible fluid by referring to the equation of continuity (7.81): 

 D
D

yx z
vv v

t x y
ρ ρ

∂⎛ ⎞∂ ∂
= − + +⎜ z ⎟∂ ∂ ∂⎝ ⎠

 (45) 

Rearrange the constitutive law for the incompressible fluid treating the rate of 
deformation components as the dependent variables and the stress components as 
the independent variables. 

 
From (44) the thermodynamic pressure is exactly equal to the mean normal pressure for 
the fluid in non-uniform motion under two conditions: 
  if κ 0, or 0kkp p D= = =  (46) 
The first condition of (46) was adopted by Stokes and has become known as the Stokes 
condition. If the bulk viscosity is zero, then (44) leads to the following relationship 
between the two material constants: 
 2

3if κ 0, then - η= Λ =  (47) 
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Substituting from (46) and (47) into (34) the constitutive law for the Stokes condition 
may be written in terms of the mean normal pressure and one material constant: 
 2

3 η 2ηij ij kk ij ijp D Dσ δ δ= − − +  (48) 
This is the constitutive law for the isotropic linear viscous fluid with zero bulk viscosity. 
Note that there are no constraints on the components of the rate of deformation for this 
condition. However, a zero value of the bulk viscosity implies that volume change does 
not contribute to the dissipation of energy in the flowing fluid: the dissipation is entirely 
attributable to shape change (Malvern, 1969, p. 300). 
 
In contrast, the second condition of (46) places a significant constraint on the rate of 
deformation components which has implications for the mass density of the fluid. This 
may be appreciated by writing (45) in terms of the rate of deformation: 

 D
D kkD

t
ρ ρ= −  (49) 

The second of (46) implies that the material time derivative of mass density is zero. In 
other words, near any particle in this fluid and for all relevant times the velocity gradients 
are constrained such that a stretch in one coordinate direction is compensated exactly by a 
contraction in one or both of the other coordinate directions such that the mass density 
does not change. The constitutive law (34) is modified as follows under this 
incompressible condition: 
 2ηij ij ijp Dσ δ= − +  (50) 
This is the constitutive law for the isotropic and incompressible linear viscous fluid. As 
the rate of deformation components all go to zero, each normal stress component goes to 
the negative of the mean normal pressure which, in this case, becomes the static pressure, 

op , following the definition given in (37).   
 
Using (36) to substitute stress components for the mean normal pressure in (50): 
 1

3 2ηij kk ij ijDσ σ δ= +  (51) 
Rearranging to solve for the rate of deformation components: 

 ( 1
3

1
2ηij ij kk ijD )σ σ δ= −  (52) 

These equations are given in expanded form using Cartesian coordinates in (10.10). 
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